ISRAEL JOURNAL OF MATHEMATICS, Vol. 51, No. 3, 1985

FEEDBACK BOUNDARY CONTROL PROBLEMS
FOR LINEAR SEMIGROUPS

BY

W. DESCH," I. LASIECKA® AND W. SCHAPPACHER*
“Institut fiir Mathematik, Universitdt Graz, 8010 Graz, Austria; and
*Department of Mathematics, University of Florida, Gainesville, FL32611, USA

ABSTRACT
We investigate the abstract Cauchy problem

dit x(t)=A{+ B)x(t)

and apply the obtained generation results to feedback boundary control
problems.

1. Introduction and notation

Let (2 be an open subset of R" with boundary I'= 4. Let (X, ||-|) be a
Banach space of functions 1— R". A typical boundary control system can be
described as

23,0 =dx(y, 0+ Gu(y,0), >0, yEQ,

(1.1) x(,0)=xly), y€Q,

7x(y,t) = Fu(y, ), t>0, yel.
Here of stands for a linear partial differential operator acting in X, G is a
continuous linear operator from a Banach space U of control functions into X
and F is a continuous linear operator from U into the trace space of X and 7
denotes the linear boundary operator that maps functions defined on () onto

functions defined on I'. The control function u is assumed to belong to
LIIOC(()?oo; U) (Or L1200(0700; U))
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In practice, we can treat (1.1) via the semigroup approach as follows.

Let A be a restriction of & with homogeneous boundary conditions, i.e. for
x € D(A) we have 7x = 0. Then we are naturally led to define a linear operator
D that maps the trace of a function into a function defined on Q by

Dv=g iff Jfv=0 and T0=g

If this operator is well-defined then we are led to the Cauchy problem

d%x(;) = A(x(t)~ DFu(t)), >0,

(12) x(0) = xo.

Equation (1.2), or, more generally the abstract Cauchy problem
(13) Lx()= A~ Fu(e)+ Gu(r), 1>,

is called an abstract boundary control problem.

The objective of this paper is devoted to the study of this problem and in
particular the important case where the control u is built up in terms of the state
x(-), i.e. u(t)=Kx(t). Usually, we have only a finite number of controls
available and hence (1.3) becomes

%(z)= AL+ B)x(0)+ Gix(t), >0,

(13) x(0) = x,,
where B is a linear (bounded) operator which has finite dimensional range. As
G, is a continuous linear operator the fundamental problem is to derive
conditions such that A (I + B) generates a Cy-semigroup on X. This question is
investigated in detail in Section 3 whereas in Section 4 we present some
interesting applications.

Applications to optimal control problems as well as related approximation
results will be considered in detail in forthcoming papers.

2. The generation theorems

The objective of this section is to derive some conditions that guarantee that
the boundary control problem (1.3) is well-posed, i.e. A(I + B) is the infinitesi-
mal generator of a Cy-semigroup on X. To begin with, we recall some
well-known basic facts on linear Co-semigroups:
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A family T(t), t=0, of continuous linear operators on X is called a
Co-semigroup if
T(0)= I, the identity map on X,
T(t +s)= T(t)T(s) for all nonnegative s, ¢,
lim T(¢)x = x for all x € X.

t—0*

The infinitesimal generator A of T(-) is given by

D(A)={x eX

lim l(T(t)x -x) exists} ,
—0* t

1
Ax = lim = (T()x — x).

t—0" t

For elementary properties of semigroups and their infinitesimal generators we
refer to [2], [3], {7, [9], [16]. In particular, we mention that A is a closed linear
operator and hence D(A) becomes a Banach space under the norm |x |4 =
| x+]|Ax]]. (D(A),|-|4) will be denoted by Xa.

Moreover, we shall frequently make use of Ball's Theorem ([1]), stating that a
closed linear operator C in X is the infinitesimal generator of a Cy-semigroup
T(-) iff for each x € X there exists a unique weak solution u(t) satisfying

(u(t),x*)=<x,x*)+f (u(s),C*x*)ds forallt=0and x* € D(C*).

In this case, we have u(t)= T(t)x for all ¢t =0.
Our main result on generation of semigroups is

THEOREM 2.1. Let A be the infinitesimal generator of a Co-semigroup S(-) in
X. Let (Z,|+|z) be a Banach space so that

(Za) Z is continuously embedded in X,

(Zb) for all continuous functions ¢ :{0,t]—> Z

Lt S(t - s)d(s)ds € D(A),

(Zo) 4] se-s166)as|= v sup 161

=s=

where 7y :[0,)— [0,%) is a continuous, nondecreasing function with y(0)=0.
Let B be a continuous linear operator X — Z. Then A (I + B) is the infinitesimal
generator of a Cy-semigroup T(-) on X.
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For simplicity, we shall say that a Banach space (Z, |- [;) satisfies condition
(Z) with respect to A iff (Za}-(Zc) hold.

ProOOF. We construct the solutions of
Edt-x(t)=A(I+B)x(t), t>0,

x(0) = x,,

by constructing a fixed-point of
x(1)=S(t)xo+ AL[ S(t — s)Bx(s)ds.
Fix xo€ X and { >0. Then it is easily checked that the map
(Tz)(t)= S(t)xo + AL‘ S(t—s)Bz(s)ds, 0=t<t
maps C(0, ¢; X) into itself, and for all 0=1< t we have

1(Tzi)(t) — (Tz) ()| =

L‘ S(t —s)B(z:(s)— z2(s))ds A

= Y(t)bOSUP |2:(s) = zas) |2
where b is the norm of B regarded as an operator X — Z.
Choosing f sufficiently small we conclude that there exists a unique fixed point

of T. As by(t) does not depend on x,, we may continue this procedure and
obtain a continuous function x : [0,%)— X satisfying

x(t)=S(t)xet A f‘ S(t —s)Bx(s)ds.
We next set y(z) = fox(s)ds. Then

y(t)= Ll S(s)xods + L’ ALS S(s — t)Bx(7)drds
= L‘ S(s)xods +AJ‘ Jﬂ S(s — 7)Bx(7)dsdr
= J;t S(s)xods + L‘ [S(t —7)—I]Bx(7)dr

= J: S(s)xods + J: S(t—7)Bx(7)dr — BJ: x(r)dr.
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Consequently,
(I+B)y()= f‘ S(7)xodr + J’t S(t—7)Bx(r)dr
and
A(I+B)y(t)=x(t)— xo.

Therefore, we obtain for all z* € D((A(I + B))*) (note that the operator
A(I + B) is closed)

(x(®)—x0,2%) = <J x(s)ds,(A(I + B))*z*>
0
which implies that x(-) is a weak solution of
d =
Ex(t) = A(I + B)x(1).

We next have to verify that this weak solution is unique. Putting y(t)=
fox(s)ds and x(0) =0 we obtain for z* € D((A(I + B))*)

(x(2),z*) =(y(1), (A + B))*z*)
which implies that y(t) € D(A(I + B)) and
y'(t)=x(t)=A(I+B)y(t).
Setting u(t) = (I + B)y(t), finally, gives
u'(t)= Au(t)+ Bx(t),
ie.
u(t)= j‘ S(t— s)Bx(s)ds.

As u'(t)=(I+B)x(t)= A [6S(t —s)Bx(s)ds + Bx(t), x is the unique solution
of

x(t)= Ajl S(t — s)Bx(s)ds

which is zero.
Hence for all x, € X there exists a unique weak solution and Ball’s Theorem
([1]) yields the claim. U
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From the practical point of view it is sometimes easier to verify the conditions
given in the following theorem:

THEOREM 2.2. Let (Z, |*|2) be a Banach space and A be the infinitesimal
generator of a Co-semigroup T(-) on X so that Z is continuously embedded into X.
Then the following assertions are equivalent:

(i) Z satisfies assumption (Z) with respect to A,

(i) there exists a continuous, nondecreasing function B :{0,%)— [0,%) with
B(0) =0 such that for all y* € X* the total variation of T*(-)y* on [0, t] taken
with respect to the Z*-norm is bounded by B(t)|y* |

(i) there exists a continuous, nondecreasing function B :[0,)—>[0,%) with
B(0) =0 such that for all y* € D(A*) and t >0

[ I Aty l-as=pwly

Proor. To begin with, we show that (i) implies (ii). Let y* € X* and let
O=t<t<---<t,=t be a partition of [0,¢]. Fix some 1 >0 and choose
elements z; € Z so that |z |, =1 and

1
[z, T*(t)y*) — (2, T*(£)y ™) | 2 T+n | T*(t)y* — T*(t)y * |-

We put ¢(s)=z for t — . =s <t—t. For sufficiently small £ >0 we set
-l—(s—t+t,-+,)z,- t—ta=s<t—t.,+e
d.(s)= 4 z t—tate=s<t—t<eg,
%(t—t;—s)z,- t—t—e=s<t—t

For all z € Z we have

A(% J:sT(s)zds> = Al f j T(r)zdrds = L (T(e)z - T(r)z)dr
and hence

lim A-l sT(s)zds = 0.

=0t € Jo

Consequently, A [i T(t —s)¢.(s)ds converges to A [oT(t—s)p(s)ds as
¢ —0". Making use of (i) we obtain

= y(1).

"AJ(: T(t—s)p(s)ds| = }LTR “AJ: T(t —s)d.(s)ds
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On the other hand we have

2 ' T*(t.-+1)y* - T*(t.-)y* lz* = (1 + 7]) zo <T(ti+l)zi, y*> - (T(ti)li, )’*>

=1+ n)z <Af+I T(s)p(t —s)ds,y*>
=+ m) (A ] T - s y*)

=1 +n)y@)|y*Il
As 71 and the sequence (%) were arbitrary, we obtain
Varz(T*(s)y*;0=s =)= y(0)|[y*||.

In order to prove that (ii) implies (iit) choose y* € D(A *). Then we have for all
t>0

<W*-gdg> Tty * = T*(D)A *y*

where (w*-d/dt) denotes the derivation in the weak-star topology. Hence ([3],
Appendix)

Varz(T*(s)y*;0=s = T)=j | T*(s)A*y*|,-ds.
0

Finally, suppose that (iii) holds. Assume that ¢ is continously differentiable
[0,0)— Z. Then

J.l T(t—s)p(s)ds € D(A) forallt = 0.

Let y* & Y* such that ||y*| =1 and

“Al[: T(t —s)P(s)ds| = <A L’ T(t —s)d (s)ds, y*>.

1/n

Putting y7 = n fo" T*(s)y*ds (where the integral is taken in the w*-topology),
we obtain

limsup [[yx]=1, and yi—y*

in the w*-topology as n — o,
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(a] Tu-5106)s y)=| [ (0061, 7= A%y e

<ol [ 174 s)a%yiias

=pWyalle -

Taking the limit n —  yields

=B |-

“ AJ;’ T(t—s)p(s)ds

A standard closedness argument extends this resuit to all continuous

¢ :[0,0)— Z. O

CoroLLARY 1. Let Z be the Favard-class of T(-), ie.

0=t=1

7= {x S Xl lim sup % | T(t)x — x| is ﬁnite} ,

x|, =1x|+lim sup%” T(t)x —x .

0=(=1
Then Z satisfies properties (i) and (ii) (see [6]).

COROLLARY 2. Let Y be a Banach space and let B be a continuous linear
operator Y — X. Then there exists a subspace Z of X with a suitable norm |- |,
such that B is continuous Y — Z and Z satisfies (i) (or, equivalently (ii)) iff

(iv) there is a continuous, nondecreasing function vy : [0, ) — [0, %) with y(0) =
0 and

Var{B*T*(s)x*;0=s=tj=y()|x*|  forallx*€X*
or, equivalently, for all y*€ D(A*) and t =0

© [ 1B T 6)A Y foods =y @)y

PrOOF. Putting (¢t)=y(t)| B|v., shows the implication (ii)— (iv). The
converse follows by putting Z = Range B with norm

|By |z = inf |y 0
yIEY

By =By
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In the remaining part of this section we outline the relations of Theorem 2.1 to
other generation results. In [6] the wellposedness of the abstract Cauchy
problem

(2.1 d%x(t)=(A + K)x(t)

is discussed where K is an A-bounded, linear operator. As we can write K as
K = BA + F with continuous linear operators B and F, (2.1) is well-posed iff
(I + B)A generates a Co-semigroup. The connection between the problems for
A(I+B) and (I + B)A is clarified by

THEOREM 2.3. Let A be a closed, densely defined, linear operator in X and let
C be a continuous linear operator on X.

() If CA generates a Cy-semigroup, so also does AC.

(i) If, in addition, X(acy = Xa-, then we have also the converse implication that
CA generates a Cy-semigroup provided AC does.

PrOOF. Suppose that CA generates a Co-semigroup T(-) on X. We put for
all x€ X and t >0

U(@x=x+ AJ T (s)Cxds.
0
Clearly, U(0)x = x for all x € X. For all positive s, t we obtain

UU(s)x =x + Af T(r)Cxdr
0
+Af[ T(7)Cxdr + AJ T(T)Cd’TAfS T(o)Cxdo
1] 0 Q
—x+A f " T(r)Cxdr + A J " T(+)Cxdr
0 0

+ Af T(7 +s)Cxdt — Af T(7)Cxdr
0 0

=U(t+s)x.

As Xca = X4 and the mapping ¢ — J, T(s)dsCx is continuous [0,%)— X, we
thus conclude that

t— Aj T(s)Cxds is continuous [0, ) — X.
0
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Consequently, U(-) is a Cy-semigroup on X. So we are able to calculate its
infinitesimal generator B.
Choose x so that Cx € X,. Then

%(U(t)x -Xx) =%AJ’ T(s)Cxds.
0
(1/t) fo T(s)Cxds converges to Cx as t—0" in the X4-norm and therefore
%Af T(s)Csds - ACx ast—0",
0

Thus B is an extension of AC. Conversely, suppose that (1/t)A fo T(s)Cxds
converges to some y as t —0". As (1/t) fo T(s)Cxds approaches Cx as t —>0"
and A is closed we obtain y = ACx and so (i) is proved.

In order to verify (ii), suppose that AC generates the Cy-semigroup U(-). For
x € X4, we put for t =0

T(t)x=x+ CJ;' U(r)Axdr.

Clearly, T(0)x = x and the mapping ¢ — T(t)x is continuous. As fo U(r)Axdr €
Xac we deduce that T(t)x € X.. Moreover, for all s, t >0 we have

TT(s)x =x + CJS U(r)Axdr
+ Cft U('r)d'rACfS U(o)Axdo + Cf' U(7)Axdr

~x4C j "U(r)Axdr + cj' U(r)U(s)Axdr

=T(t + s)x.

Finally, we observe that
1. .1
lim TC U(r)Axdr = lim 7(T(t)x —x)= CAx.
(—> o e

So it remains to show that the operators T(¢) can be extended to a family of
continuous linear operators on X that are uniformly bounded on compact
t-intervals. This family will constitute a Cy-semigroup on X and by the
core-theorem its generator equals CA. (It is only here where we need that A is
densely defined!) For this purpose choose z * € X*. Then we have for all x € X,



Vol. 51, 1985 FEEDBACK BOUNDARY CONTROL 187
and =0
(T(Hx,z*)=(x,2*)+ <Ax, Ll U*(7)C*z *d7>
where the integral is taken with respect to the w*-topology. As
<ACy, f ]‘ U*(T)C*z*d7> - < j )' U(r)drACY, C*z*> —(U(t)y -y, C*z*)
we conclude that [, U*(7)C*z*dr € X(ac) and

U U*(1)C*z*dr =M|z*|, for0=t=T
0 3

(AC)
with a suitable chosen constant M.

By hypothesis Xac)» = Xa-, and hence we have

=M |z*].

A*

I'LtU*(T)C*Z*dT

Thus

(T(x, z*) = <x,A*J;x U*(T)C*Z*d7>§M| lz*| x|l

which, in turn, implies that || T(¢)x || = M, || x ||, and hence the proof is complete.

O

REMARK. Note that in Theorem 2.3(])) CA and not its closure has to be a
generator. (Otherwise, the result is clearly wrong!)

The following result may be regarded as a kind of dual result to Theorem 2.1:

THEOREM 2.4. Let A be the infinitesimal generator of a Cy-semigroup T(-) on
X. Let B be a continuous linear operator satisfying

Var(BT(s)x [0=s =)= y(1)] x|
or, equivalently,
[ 18T6)Ax 145 =5 0)]x]

where y is a continuous, nondecreasing function [0,%)— [0,%) with y(0)=0.
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Then both (I+B)A and A(I+ B) are the infinitesimal generators of Cy-
semigroups on X.

PrROOF. Given a strongly continuous family U(-) of continuous linear
operators on X we define for all x € D(A)

w(@)(x :=T(t)x +f U(t —s)BT(s)Axds.
0
Clearly, u(U)(t)x depends linearly on x and continuously on t. Moreover,

IO =1 TOx I+ [ UG- 1BTG6)Ax | ds

=|| T(t)x H+mJ;l “d—dsBU(s)x ds

<||T(@)x |+ m Var(BT(s)x [0=s=1)
= T()x [+ my()] x|,

implying that p (U)(t) can be extended to a continuous linear operator on X.
Thus p(U) is a strongly continuous family of linear continuous operators on
X
Since

(UXOx = (OO 1= [ 1UG=5)= Ot = )| BT()Ax | ds

=y@lxl [ 106 =59)-06=s)]ds

we can apply a contraction-argument to get a unique fixed point U of pu.
Taking the Laplace transform U(-) of U we obtain for all x € D(A)

UMx=(0-A)"'x+UMN)B(A —A) ' Ax,

UM -BMA—-A)'Ax=(A—A)'x,
UMA-A-BAYA-AY'x=(A-A)'x
which implies that U(A)(A —A — BA)y =y for all y € D(A). Hence U(A) =

(A—A—-BA)' and U is the C,semigroup with infinitesimal generator
(I + B)A. By Theorem 2.1 also A (I + B)is a generator. O
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3. Feedback for well-posed boundary control problem

The objective of this section is to derive a general semigroup approach to
boundary control problems. Again, let ) be a bounded domain in R" with
boundary I" and let X be a Banach space of functions mapping () into R". Y will
denote a Banach space of functions mapping I' into R". Moreover, let & be a
dense linear subspace of X (for instance, @({2) or C7({1)).

Let A be a linear operator in X such that 9 CD(A) and B be a linear
operator ¥ — Y.

We consider the initial-boundary-value problem

d_ =
T x(t) = Ax(1), t>0,

B.1 x(0)==x,
Bx(t) = v(t), =0,

where the control v belongs to Lf,(0,; Y).

Roughly speaking, our goal is to show that if the open loop problem (3.1) is
well-posed, then

(i) the homogeneous equation gives rise to a Cy-semigroup,

(ii) there exists a continuous extension operator D such that x = Dy is a
(generalized) solution to

(A—A)x =0,
Bx =y,

(iii) the closed loop problem (i.e. (3.1) with the control v(t)= Fx(t)) is
well-posed.

DEFINITION. A continuous function ¢ : [0, ©)— X is called a strong solution
of (3.1) if there exists a sequence (¢,) of (at least) continuously differentiable
functions [0,%)— X such that

o, ()ED for all t =0,
d)"_)d) in C(O’OO;X)9

Edt.(bn(t)_Aan(t)—)O in Llloc(wa;X)7

$.(0)—>x (in X)
B¢, —>v in L5.0,; X).
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Here convergence in C means uniform convergence on bounded t-intervals
whereas convergence in L}, means L”-convergence on bounded {-intervals.

DEFINITION.  The initial-boundary-value problem (3.1) is said to be well-posed
for controls in L%, if there exists a unique strong solution ¢ (-, x, v) of (3.1) for
all x € X and v € L{,(0,%; Y).

We start our considerations with two technical lemmas:

LEMMA 3.1. Suppose that (3.1) is well posed for Lf.-controls. Then the
operator U given by

(3.2) U(v, x)=¢(+,x,0)
is a continuous linear operator L,(0,%; Y)X X — C(0,%; X).

PrOOF. By the closed graph theorem ([7], p. 57) it is sufficient to verify that U
is a closed linear operator. This elementary calculation is left to the reader.  [J

For our further investigations we need exponentially weighted function
spaces. Let Z be a Banach space and 6 be a real number. We put

Lmbm2y={¢€L&@AaZﬂ[¢m=ﬁ]fwmwﬂwm<m}

and

G0, 2): ={¢ € CO, = Z)| e "6 (1)
is bounded and uniformly countinuous on [0, ®)}.

The corresponding norm is
|6 lo-=supe™ [$(1)].

LeEmma 3.2. Let (3.2) be well-posed for Lf.-controls. Then for each real 6
there exists a & >0 such that the operator U given by (3.2) maps L(0,», Y)xX X
continuously into C;(0,»; X).

(This is just to say that exponentiaily bounded controls imply that the
corresponding solutions are also exponentially bounded.)

Proor. To begin with, we consider the restrictions of ¢ and v to the interval
J =1[0,1]. Clearly, ¢ I ;s depends only on x and v | 5. Thus by Lemma 3.1 we infer
that the operator 4, that maps (v |5 x) into ¢(-,x,v)| s is continuous from
L?(J; Y)x X into C(J; X). Consequently, there exists a constant M >0 so that
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for 0=t =1 we have

b0t x, 0)]| = M(] x |)+(L’ lo()lds)™)  for0=1=1.

For v € L{(0,; Y) and any positive real m we define v.(-) by
vn.()=v(+m) fort=0.

Clearly, v € LY0,%; Y) implies that |, [.e = €™ | v |0
The uniqueness of strong solutions implies that for t = m

ot x,v)=(t—m,d(m, x,v), V).

Without loss of generality we may assume that M >1, § >0 and hence we
obtain for 0= =1

160 0= (= m & (mx,0), 1)
=M(160mx o)+ ( [ Tonts)lras) )

£

(3.3)

=M(lotmx o)l +e( [ o™ Jono)lras) )

= M(” (]S(m, X, D)”+ e’e™ ’ v IPv"'

In particular (3.3) also holds for ¢t = m + 1.
Choose now & >0 such that Me ©~” < 1. Then we get

el d(m+ 1, x,0)|| = Me e ™™ | d(m, x,0) ]|+ Me V| v |,

An induction argument yields
e o(mxo)=am x|+ a"7e " vl
j=0

=a" x|+ ma™ vl
with & = Me ™.
Thus e ™¢(m,x,v)—>0 as m —>w, and by (3.3) we infer that ¢(-,x,v)
belongs to G;(0,o; X).
By Lemma 3.1 U is a closed linear operator in L0, Y)Xx X — C5(0, %; X)

and hence it is continuous. O

DEeFINITION. We define an operator Wo: XX YD D(W)—» X by z=
Wi(x,y) iff Bx =y and Ax = z.
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LeMMA. 3.3. Suppose that (3.1} is well-posed for Lf,. controls. Then the
operator W, is closeable in X X 'Y x X If W denotes the closure of W,, then for
sufficiently large A ER and all x € X, y € Y there exists a unique solution z to the
equation

Az —=W(z,y)=1x,

given by
z =f e Mo(t,x,v)dt,
(4]
where v is the constant function v(t) = Ay. Moreover, z depends continuously on x

and y.

Proor. We denote by W the closure of W, in X X Y X X, which might be a
multivalued operator. (In fact we shall prove finally that it is single valued.) We
fix some 6 > 0 and choose & >0 according to Lemma 3.2. Nowletx € X,y €Y,
A>38. We put v(t)=Ay and z = [5e M$(t x,v)dt. Evidently, z depends
continuously on x and y. We prove first that z satisfies Az — W(z,y)=x.

Let ¢, be a sequence in C'(0,%, X) with

d.—d(,x,0) inCO,%X), ¢r—Ad. =g —>0 inL.(0,», X),
B¢, =v,—v inL{(0,,Y).

Now we choose a sequence of integers n, — %, such that

k

k
J e N, (s)ds —J’ e Vd(s, x, v)ds >0,
0 0
k k
J’ e'“v,.k (s)ds - I /\ef)‘xyds -0,
0 0

k
I e g, (s)ds —0,
0

and
e “on (k) —e Mk, x,0)—>0,
as k goes to infinity.

Putting

k

k
a=[ e rbu)s  w=[ et s
0

1]
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we conclude that z, — z, y. =y as k — o, Furthermore

Wole ¢n (), € “vu () = e (P n(s) — 8 ().

Using the closedness of the set W we see that

Wz y1) 3 f € ($1n(s) — g ())ds

= e (k)= u O+ Az~ [ ¢ g (s)as.

Taking the limit for k — o and using again the closedness of W we obtain
W(z,y)D Az —x.

Next we show that the solution 2z is unique. Of course the proof is sufficient for
x =0, y =0. Suppose that W(z,0)D rz. Let z, — 2z, y,—0, x, =0 such that
Az, — Wo(z,, yn) = x,.. Putting ¢, (1) = e"z,, we see that

du(t)— ez in C(0, », X),
$U—Adu(1)= e =0 in Liu(0,%, X),
Bo.(t)=¢"y.—0  inL{(0,,Y),
¢.(0)=2z,—z2 in X.

Consequently ¢(t) = e"z is a strong solution to (3.1) with x replaced by z and
v =0. According to Lemma 3.2, the solution has exponential growth || ¢(f)|| =
Me®. As & < A, this implies z =0.

Finally we prove that W is single valued, i.e. that W, is closeable. Assume that
W(@0,0)>x. Then for each A>8, z=0 is the unique solution to
Az — W(z,0)3 x. Therefore 0= fge “¢(t x,0)dt. This implies that ¢(,x,0)
vanishes identically, in particular x = ¢ (0, x,0) =0 Ul

This lemma has two important consequences. The first one is more or less well
known, at least for certain important special cases, but we include it for sake of
completeness and self-consistency of the paper.

THEOREM 3.1. Assume that (3.1) is well-posed for Lf,. controls. Then
T()x = ¢(1,x,0)
defines a C,-semigroup on X. Its infinitesimal generator of is given by

dx =z ifW(x0)=1z.
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PROOF. The continuity of ¢ implies that J(t)x is continuous in £. By Lemma
3.2 we infer that each J(¢) is a continuous linear operator on X. Evidently
T (0)x = ¢(0, x,0)= x. The semigroup property follows by standard arguments
from the uniqueness of the solutions to (3.1). To compute the infinitesimal
generator of J(t), we notice that for sufficiently large A and all x € X

z=(A—-oA)"'x =I e (1, x,0)dt,

which is the unique solution to Az — W(z,0) = x. Thus o = W(-,0). O

Another consequence of Lemma 3.3 is the well-posedness of the stationary
abstract boundary value problem

(A—A)z =0,

(3.4) A

Similarly to the evolution problem we have

DEFINITION. By a strong solution to (3.4) we mean a z € X such that there
exists a sequence z, in 9 with z, >z in X, (A —A)z,—0in X and Bz, —y in
Y.

THEOREM 3.2. Suppose that (3.1) is well-posed for Lf,.-controls. Then for
sufficiently large A € R, there exists a continuous linear operator D : Y — X, such
that z = Dy is the unique strong solution to (3.4).

Proor. One can easily check that z is a strong solution to (3.4) iff Az —

W(z,y)=0. Therefore, Theorem 3.2 is an immediate consequence of Lemma
3.3. O

The next result clarifies the semigroup approach to the boundary controi
problem.

THEOREM 3.3. Let (3.1) be well-posed for L},-controls. Fix A sufficiently large
and let D be the operator defined above. Then the strong solution ¢ of (3.1) can be
represented as

ot x,v)=9()x — .szif F(t—s)Dov(s)ds + )\j I (t —s)Dv(s)ds.
(1] 0
Proor. Let ¢, € C'(R’, X) be such that ¢.— ¢(-,x,v) in C(R", X),

&n =%¢" _A(bn—_)o in Llloc(R+7 X)
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and
v. = Bp.—v in LL(R", Y).

Thus
Wo (800, 0.(0)) = = .00+ 35 (0.

Using the fact that

W(Duv,(t), v.(1)) = Av,(¢t),

we have that

A (¢n(t)— Do, () = W(dn(t)— Dv.(t),0)

=L 4 ()80~ A0a(0),

Consequently

d d
7t (0 (1) = Don (1)) = (b (1) = Dvn(£) = 7 Dva(£) = £ (1) + A0a (0);
which implies by the variation-of-parameters formula:

n (1) = Dun (1) = T ()ba (0)— T (1) D, (0) — f T~ )L Do (s)ds
+L' T(t - 5)ga(s) + AL' T(t - 5)0n (s)ds
= 7~ TOD0,0) 2% ([ 750t = 5)a5)
+ T(1)Dun (0) + A fo T (¢~ 5)Dou(s)ds + L T (- $)gu(s)ds
= T(1)ha (0)— Do) — 4 f "T(t — 5)Don(t - 5)ds

; )«J: T(t - 5)Dv, (s)ds +L' T(t - $)ga(s)ds.

The term Du,(t) cancels off.
Taking the limit for n — o, we obtain (using the closedness of &f):

o, x,0)=T(t)x —de( I (t—s)Dv(s)ds +Af0’ T (t—s)v(s)ds. a
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THEOREM 3.4. Assume that (3.1) is well posed for Lf.-controls. Choose A
sufficiently large and let D be the operator given as above. Then D satisfies the

‘generation condition’:
For each v € C(0,%; Y), t >0,

J” F(t —s)Dv(s)ds € D(A),

“&@J;‘ I (t —s)Dv(s)ds| = y(t)silllogl o)l

where y(t) is nondecreasing, continuous, y(0)=0.

ProoF. From Theorem 3.3 it is clear that [, J(t—s)Dv(s)ds ED(HA).
Moreover, we know that there exists some 8 >0 such that

e ||t x,v)|=M|v|,s + M| x| forsomed>0 (Lemma3.2).

Thus for v € C(R", Y), t >0 we obtain (using the fact that we may put v(s)=0
for s > 1, as ¢(1,0,v) depends only on v I[O_,]):

' ip
(10,00 = e"M( [ eas) " sup oo
) 0 s€[0,]
= e"Mt"" sup |o(s)].
s€[0,¢]

Now

+[u(5,0,0)]

“&41}1 F(t—s)Dv(s)ds| = RAL‘ T (t —s)Dv(s)ds

=< (AMte” || D ||+ e*Mt"?) sup | v(0)]. O
s€[0,¢]

An immediate consequence is

THEOREM 3.5. Let F be a continuous linear operator X — Y and suppose that
(3.1) is well-posed for L{,.-controls. Then the operator (I + DF) is the infinitesi-
mal generator of a Cy-semigroup on X.

4. Applications

In this section we want to apply the generation results of the previous section
to hyperbolic boundary control problems. To begin with, we consider
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4.1. Boundary Feedback for Nonsymmetric Hyperbolic Systems

Again, let () be an open bounded domain in R" with boundary I'. Let A (x, 3)
be a partial differential operator

A(x,d)u = ZA,(x)a,-u + B(x)u.

Here x =(xi,..., %) ER", u(x)=(ui(x),..., u(x)) is a k-dimensional vector
function of x, d; denotes the partial derivative 3/dx;.

The coefficients A; and B are smooth k X k-matrix-valued functions defined
on ).

Given a smooth [ X k-matrix-valued function M, and a continuous linear
operator F: L*(Q))— L*(') we consider the mixed boundary control problem

@.1) %=A&JW in Qx [0, T],
4.2) u(0)=u, € L) in Q,
4.3) Mu(t) = Fu(t) in I'x {0, T}

The basic goal of our investigations is to show that this mixed boundary feedback
problem is well posed in L*((2).

It is convenient to convert problem (4.1)-(4.3) into a problem on a half-space.
This is done by means of local coordinate change and a partition of unity. For
details, the reader is referred to [4], [5], for instance.

Having done this, we call the new operator again &/ (x, 3) and denote the new
matrices again by M, F, A; and B, respectively. The region is now

Q={x ER" |x=(x1,x2,...,x,,.),x1>0},

with 9Q = {x ER™ | x, =0}.
We impose the following standard conditions:

(H1) A(x, d)is strictly hyperbolic, i.e. £Z; A;§ has k distinct real eigenvalues
for all nonzero £ ER™ and x € Q.
(H2) The boundary T is non-characteristic, i.e. det A;(x)# 0 for all x €T

Let [ denote the number of negative eigenvalues of A,(x) for all x €T%.
(H3) The boundary operator M can be written as

M=(LS)



198 W. DESCH ET AL. Isr. J. Math.

where [ is the I X[ identity matrix and S(x) is an I X k —/ smooth
matrix valued function.

REMARK. Note that A(x,d) is in general nonsymmetric and the boundary
conditions are not assumed to be dissipative.

The main goal of this section is to show that the mixed initial boundary
feedback problem is well posed, i.e. (4.1)-(4.3) admits a unique strong solution in
L*(Q):

THEOREM 4.1.  For any u, € L*(Q) the mixed problem (4.1)-(4.3) has a unique
strong solution u(-) belonging to C(0, T; L*(Q)).

Proor. The main theorem in [17] implies that the associated open loop
problem is well-posed for Li.-controls and hence the result follows from
Theorem 3.5.

On the other hand, the machinery in getting Rauch’s result is very sophisti-
cated and therefore it seems to be justified to prove the theorem in a direct and
(at least from the semigroup point of view) more transparent way, which wili be
indicated in the Appendix.

4.2. Boundary Feedback Problems for Second-Order Hyperbolic Equations

In this section we are concerned with the feedback acting on the boundary for
second order hyperbolic problems.
Let () be a bounded open set in R" with boundary denoted by I'. Let A(x, 3)
be a second-order strongly elliptic operator with smooth coefficients.
The problems under consideration are
u _ .
W—A(x,a)u in Qx(0, T},
u(0) = uo € L¥(QY),
1y

Ju _ —1
—3;(0) =u, EH (),
u(t) | = Fu(t),

where F is a continuous linear operator L*(Q)— L*T), and
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2
%?g—l=A(x,6)u in Q% (0, T)

u (O) =u LZ(Q),

(In u y
G O=ueEH @),

u(t)l =F24(0),

where F is a bounded linear operator H™'(Q}) into L*(T).

REMARK. An important special case of operators F is provided by finite rank
feedback, i.e.

N

Fu = 2 (u, W) g

j=1

with w; € L*({2) and g € L*(Q2) for problem (I) and w; € D(A '?) in case of (II),
respectively. Note that specific forms of such finite rank feedbacks are consi-
dered in [13] and [18].

The main result of our considerations is

THEOREM 4.2. The boundary feedback control problems (I) and (II) are
well-posed on L*(Q1) x H™(QY), i.e. for any u, € L(Q) and u, € H™'(Q}) there is a
unique weak solution u(t, uy, u,).

Proor. To begin with we collect for the reader’s convenience some general
properties that are well known in the literature.
Define a linear operator A in L*(Q}) by

D(A)={u €LY(Q)|Au€L(Q) and u|-=0},
Au = A(x, 3)u

Then A is the infinitesimal generator of an analytic Cy-semigroup on L*((}).
Moreover, A is also the generator of a sine and cosine family of continuous
linear operators on L*(Q) denoted by S(-) and C(-), respectively.

The associated linear operator ,

D(sf)= D (A)x HYQ),

(0 I
“Q“‘(A 0)’
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is the infinitesimal generator of a Cy-group T(-) on Ho(€2) x L*(Q}) which can be
represented as

_{C@®) S(t)
7“)‘<Asa) CQ»'

It is a classical result in semigroup theory that the operator & with domain
Hy(Q)x L*(Q)) is the infinitesimal generator of a Cy-semigroup on L*({2)X
H™'(Q). As we can assume without loss of generality that fractional powers of A
are well defined we have Hy(2) = D(A'?). We first turn to problem (I). Let D
denote the Dirichlet map, the “harmonic” extension of boundary data into the
interior given by
Dg=y

where A(x,d)y =0in Q and y ],« =g

It is a well known result that for all real s, D is a continuous linear operator

H*() into H**'"*(Q).
Making use of this result we can apply semigroup methods to

-&‘=A(x Nu
812 y >
u(0) = uy,
u, .
_37(0)_ u,
u |r=g‘
Putting
_(DF 0
B=(g" )

we claim that &{(I + B) generates a Cy-semigroup on X = LX(Q)x H™'(Q}). As B
is a continuous linear operator in X (in view of the regularity of D) we have to
compute B* in order to use Corollary 2.

Using the representation of T(-) we obtain

F*D*A*S*(t) F*D*C*(t)A*1/2A71/2>

* * * —
B(dTWO—< 0 0

Note that the pairing is given by



Vol. 51, 1985 FEEDBACK BOUNDARY CONTROL 201
X X ~ _
<( )’i ) ’ ( yz >> = (X0, X))z (A * Py, A Pyo) .

Thus, for all x =(x,, x,) € X we obtain

: J‘ | B*f* T*(s)x | xds

t
)

= [ 1Fe D Ars s llwds + [ 1F*D*CHATPA x
= const (L [ D*A*S*(s)x: |c2ads +j0 | D*C*(s)A*'"?A™""x, HLz(r)ds)

= const ( Lt [ID*A*S*(s)x: |2y + ]| D¥A*2CH*(s)A ™" x5 |2 ds.
(Note that D(A"*)= D(A*"%))
Now, the operators
(Jix)(t)=D*A*S*(t)x,
(Lx)(t)=D*A*"C*(t)x
are both continuous linear operators L*()) into L*([0, T]xT) (see [12],

Theorem 2.1). Hence by the Schwartz inequality

J:) | B** T*(s)x ||xds = const V(|| x: Lz + ]| A*77x: [lL2w)

= const V1|| x |x

which implies the claim.
As the assertion concerning problem (II) is proved along the same lines with B
given by

(0 DF
B‘(o 0)

we leave the details to the reader.

Appendix: Sketch of the Proof of Theorem 4.1

As indicated, we will give a direct proof of Theorem 4.1. As the details are
lengthy and tedious we shall avoid all the details and restrict ourselves to
working out the main ideas.
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To begin with, recall that the linear operator A given by
D(A)={u € L) | Au € L}(Q), Mu | =0},
Au=A(x,d)u forueD(A)

is the infinitesimal generator of a Co-semigroup T(-) on L*(Q) (see [11]).
Next, define an extension operator D by

v=Dg iff A(x,d)v —kv=0in
4.4 .
(44) and Mv=g inT,
where k is a positive sufficiently large constant.
If A(x,d) is symmetric and M is dissipative the existence of a continuous
operator D satisfying (4.4) is established in [8], [19]. In our general case we get

ProprosITION 4.1. There exists k >0 such that (4.4) defines a unique linear
continuous operator D : L*(I)— L*()). In addition there exists a constant C
independent of g such that

(4.5 | Dg |2+ | Dg |2y = ¢ || g 2.

The proof follows closely the arguments given in [10]. As it relies heavily on
the theory of pseudodifferential operators we cannot give all the details and refer
the reader to [10].

SKETCH OF THE PROOF. Suppose that the coefficients of A and M are
constants, in fact frozen at their boundary value at (0,x'). Applying Fourier
transform in x’ with the dual variable denoted by w = (w, ..., w..), we obtain

R dbo | . R
D=A,—+i> Awd,
'dx; ]ZZ tAdd)

Mb =g
Consequently, we have
4o _pp (a -y Aw.zs) = M(x, w)5
dX1 =2 o ’ ? :

If we consider variable coefficients then we get the pseudodifferential version

di .
dx M(x, w)d

where M(x, w)= M(x, D,) is a pseudodifferential operator of the first order.
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In the next step we use the Kreiss-symmetrizer, which is constructed locally,
i.e. in a conical neighborhood of a boundary point. To be more specific, the
symmetrizer is a zero-order pseudodifferential operator with symbol R (k, x, »)
with L>-norm independent of k and such that there exist d and ¢ >0 with

(i) R is Hermitian,

(ii) R is homogeneous of degree zero in (k, w) for k*+ w*= 1 and is a smooth
function in its variables and the coefficients matrix A; and of §,

(i) v*Rv=d|v [ —c|g| for all vectors v that satisfy the boundary condi-
tions, i.e. Mv =g on T,

(iv) Re RM = dkl.

Multiplying both sides of (4.6) by R(k, x, ») and taking the inner product with
0, we obtain

<(Rdixl 6, v)> = (RM#, 9))

where

(:9):= [ . f0igloldo and (fg)= [ fle)aleid,

Integration by parts with respect to x; yields

() -ne )
(o) (s ).

Y
,l=0)—Re<(v, dx. Rv)>.

=Re ((ﬁ, Rb)

Consequently,

d . \N\_ .
2Re<<Rdxlv,v)>— (D

Condition (iii) implies that

2Re<(Riﬁ, a)>§ —d|o
dX1

where in the last estimate we used the fact that R is a smooth zero order
operator.
On the other hand, we have

x; =0y Rﬁ

weo 2t ¢ | gl + C| 6 L

Re((RM3,8)) = d || 3 |2

and combining the last two estimates we arrive at
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dk

b ot glimt Cllo i

0= —d

x =0

for all © such that Md =¢ on I.
Consequently,

(dk = O) |13 o+ d v

w0l = ¢ | g L2

By taking k sufficiently large and using the Parseval equality, we get the energy
estimate claimed in the Proposition.

To prove existence of the map D (uniqueness follows immediately from the
above estimate), we repeat the same procedure for the adjoint problem and then
apply the usual technique of [14].

Our next step is to verify the representation formula for the solution of the
boundary-initial value problem:

LEMMA 4.1. Let u be the solution of the initial-boundary value problem

d . on_
i u(t)= A(x, 3)u(t),
u(0) = u,
Mu=g
Then u(-) can be represented as
u(t)=T()uo— AJ T(t —s)Dg(s)ds ¥ kj T(t — s)Dg(s)ds.
0 0
The operator A [ T(t — s)Dg(s)ds is a continuous linear operator L*(0, T; ') into
L0, T; L* ().

The proof follows easily by making use of estimate (1.9) in [10].

So we are to verify that the operator A (I + DF)+ kDF is the infinitesimal
generator of a Cy-semigroup on X.

Since kDF is a continuous linear operator we can ignore this term when
dealing with the generation problem (i.e. we put k =0).

LemMma 4.2, For all x* € D(A*) we have
D*A*x=Aix|r
where

x=(x",x") and A1=(A‘_ 0).

0 A

This decomposition is implied by assumption (H2).
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ProoF. It is easily verified that the adjoint A* of A is given by
@.5) A*u= =D Al(x)gu— 2 5AT(x)u

with D(A¥)={ue€L¥(V)|A*u€L¥Q) and M*ul|r=0} where M*=
(—(AD'S"AT, L)
For y € D(A*) and g € L*((}), we obtain

(A*y, Dg)ixay = {(A*(x, 3)y, Dg)r2q)

where A *(x, d) is the formal adjoint of A(x, d) given by the right hand side of
4.5).
Using Green’s formula yields

(A*y, Dg)raay =y, A(x, 0)Dg)rxey+ (A1y, Dg)ray.
Now, A(x,d)Dg =0 and consequently
(D*A*y, ghay =(Ary, Dg)ry.
As y belongs to D(A*), we conclude that M*y |r =0, i.e. y can be written as
y=(y,y") with
—(AD)'STATy +y' =0.
On the other hand
MDg| =g
is equivalent to
Dg +S(Dg) =g
Therefore
(Avy, Dg)ioey=(ATy", Dg )z +(ATy (Dg) )iz
=(A/y", 8 —S(Dg) )y +{AT(AT) ST ATy, (Dg) oy
=(A7y , 8 —(S"ATy ", Dg ) +(ST A1y, Dg " )iagy
=(Aly", 8o,
Thus
(D*A*y, ghoay =(ATy ", g)am

and as this equality holds for g € L*(') the claim follows.
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We next investigate the operator J defined by
x)(t)=D*A*S*(t)x.

LEMMA 4.3. J is a continuous linear operator L*(Q) into L*(0, T; L*(T)).

ProoF. We use the regularity result from Chang [4] stating that there exists a
constant ¢ such that

,
j [T | frndt = c | x [
Q0

With this estimate in mind, we obtain making use of Lemma 4.2

T T
ﬁ} ‘D*A *T*(t)x {iz(l)dt §J’0 ,A;(T*(t)X)v'ZL?([)dt

T

éconstj [(T*(#)x) [L2avdt

0
,

= constJ | T*(£)x [i20dt
0

=const |x |'.

ProOF OF THE THEOREM. With X = L*(Q}) and B = DF the ‘generation
condition’ becomes

L | BX*A*T*(s)x |uaqds = y(1)] x |.
The left hand side becomes for our example

J' |F*D*A*T*(s)x |ds éconstJ’ |ID*A*T*(s)x | ds
[{] 0

i 172
éconst(j | D*A*T*(s)x |2ds) t'?
Q0

=const t"*| x ||

(by Lemma 4.4). O
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